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I. PRESCRIPTION FOR R AND L SUPERSCRIPTS

The energy flux of an s-polarized planewave whose E-field is given by

Ey(x, z, t) = E0 exp(ikxx+ ikzz − iωt) (1)

in a medium (ε, µ) is given by the time-average of the Poynting vector S ≡ ~E × ~H,

〈~S〉 =
|E0|2

2ωµ0

e−2Im(kz)z

(
Re

[
kx
µ

]
x̂+ Re

[
kz
µ

]
ẑ

)
. (2)

Therefore, energy flows in the +z-direction (‘to the right,’ in our convention) when

Re(kz/µ) > 0, and we denote the wavevector kz which satisfies this condition with the

superscript R. Any value kz for which Re(kz/µ) < 0 is accordingly labeled with a super-

script L. It follows from these definitions that kRz must make an acute angle with µ in the

complex plane. (For p-polarized light energy flows in the +z-direction when Re(kz/ε) > 0,

and so kRz makes an acute angle with ε in the complex plane.)

In cases where 〈Sz〉 = 0, we must establish a prescription for resolving the ambiguity in

the choice of superscript, which is best illustrated by an example. Consider the case where

medium one is a lossless dielectric (ε1 > 1, µ1 = 1), medium two is vacuum, and the incident

propagating wave satisfies kx > k0, where k0 ≡ ω/c, so that the two choices for k2z are

±i
√
k2
x − k2

0. Both choices for k2z yield pure evanescent waves and carry no energy along

the z-direction. By adding a small amount of loss to medium two, so that ε2 = 1 + iε′′2

where ε′′2 > 0, the two choices for k2z deviate slightly from the imaginary axis as shown in

Fig. S1(a). Now both waves carry non-zero energy along the z-direction; the first quadrant

solution is kR2z (which can be seen quickly because it makes an acute angle with µ2 = 1)

and the third quadrant solution is kL2z. Our prescription to establish kR2z for a true vacuum

(i.e., ε′′2 = 0) is to take the limit ε′′2 → 0, which yields kR2z as the solution along the positive

imaginary axis.

Beware that if one adds a small amount of gain rather than loss to medium two, so that

ε2 = 1 + iε′′2 where ε′′2 < 0, then the two solutions for k2z exist in the second and fourth

quadrants as shown in Fig. S1(b), and in this case kR2z points predominantly along the

negative imaginary axis. Thus, we see that the two limiting cases as gain or loss approaches

zero do not yield the same result:

lim
ε′′2→0+

kR2z = − lim
ε′′2→0−

kR2z. (3)
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FIG. S1. Choosing the R or L label for an evanescent wave. (a) The two choices for k2z are shown

for the case of a slightly “lossy vacuum” (ε2 = 1 + iε′′2 where ε′′2 > 0, µ2 = 1), for the case kx > k0.

The first quadrant solution carries energy to the right and is labeled kR2z, and our prescription is

to take the limit ε′′2 → 0 to determine that kR2z in the lossless case is along the positive imaginary

axis. (b) For a slightly “gainy vacuum” (ε′′2 < 0) the two solutions for k2z are in the second and

fourth quadrants, and kR2z approaches the negative imaginary axis as ε′′2 → 0. The magnitudes of

the real and imaginary parts of k2z in (a) and (b) are approximated using the first order Taylor

expansion for small ε′′2: k2
0|ε′′2| � k2

x − k2
0.

To have an unambiguous labeling convention for the case ε′′2 = 0, we emphasize that one

must take the limit as loss approaches zero, which can be different from the limit as gain

approaches zero in the case of evanescent waves.

Finally, it is worth noting that this discontinuity in the two limiting cases, apart from

being a footnote in establishing a labeling convention, is actually at the heart of the debate

over single-surface amplified TIR. When medium two has gain, if one chooses kR2z as the

transmitted wavevector (in accordance with our postulate), then it seems unphysical that as

the gain approaches (but does not reach) zero the transmitted wave should still be strongly

amplified. To remedy this situation it has been suggested that the correct choice for the

transmitted wavevector should be kL2z when medium two has gain and kx > k0, so that the

transmitted wave decays in the +z-direction. We believe, instead, that the discontinuity

in the two limits is not as unphysical as it might appear at first: the transmitted wave

propagates a large distance in the x-direction while barely moving forward in the z-direction

(since kx � Re(kR2z)), so the large gain in the z-direction is actually a result of the long

propagation distance along the x-direction. Far more unphysical, in our opinion, is the

decision to switch the transmitted wavevector from kR2z when kx < k0 to kL2z when kx > k0.
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All of these arguments aside, however, the purpose of our paper has been to demonstrate

the Fresnel mechanism by which the specularly reflected beam from a finite-thickness slab

is amplified, both below and above the critical angle.

II. GAIN SATURATION

Physicists familiar with the principles of lasers should be rightfully wary of a steady-state

solution with roundtrip coefficient |ν| greater than one. When an active medium is pumped

strongly enough to generate a sufficiently large population inversion to yield |ν| greater than

one, light initially generated by spontaneous emission in the cavity will be amplified after

each roundtrip. However, the field amplitude does not grow without bound–as the field

gains strength the upper state lifetime is reduced by stimulated emission, which causes the

population inversion to decrease to a level such that ν = 1, resulting in steady-state lasing.

This gain reduction with increasing field amplitude is known as gain saturation. In a laser,

therefore, the situation |ν| > 1 is only a transient state. It clearly cannot be a steady-state

solution, because the field would grow without bound.

The situation changes when we allow an incident wave to strike the active medium, as

we do in this paper. Note that ν is defined as the roundtrip coefficient in the absence

of an incident wave; that is, the reflectivity r21 is calculated by assuming that there is

no wave in medium one arriving at the cavity. To account for the incident wave, we can

define an effective facet reflectivity at the two-one interface reff
21 ≡ ER

2 /E
L
2 . Furthermore,

we can define an effective roundtrip coefficient in the slab which replaces r21 with reff
21 , that

is, νeff = reff
21 r23 exp(2ikR2zd). We emphasize that every possible steady-state solution to the

problem under consideration, whether the slab is passive or active, and whether there is an

incident wave or not, satisfies the condition νeff = 1. This is a fundamental property of

steady-state solutions: the field in the slab must regenerate itself after every roundtrip, once

all sources and sinks have been accounted for. Therefore, in situations where |ν| > 1, the

incident wave must, upon transmission into medium two, interfere destructively with the

circulating field in the slab so that |reff
21 | < |r21|, which ultimately forces νeff toward 1. In

summary, when there is no incident wave the situation |ν| > 1 is temporary because the

field will grow until gain saturation (a nonlinear effect) forces the ν = 1 solution. With an

incident wave, a linear steady-state solution is possible even when |ν| > 1 because of the
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FIG. S2. Schematic of a laser with self-feedback. A mirror of reflectivity rmir allows light emitted

by medium two to be re-injected. The feedback alters the laser threshold, and can be modeled by

an effective facet reflectivity reff
21 , which differs from the bare facet reflectivity r21 in the absence of

feedback.

reduction in the effective facet reflectivity reff
21 , which prevents the unbounded growth of the

fields so that one does not have to rely on gain saturation to avoid a nonphysical divergence.

An example that illustrates well the distinction between ν and νeff is a laser subject to

self-feedback, shown in Fig. S2. In this case, the laser (medium 2) emits light in a direction

normal to both of its facets, and a mirror of reflectivity rmir placed a distance L from the

left facet reflects some of the laser output and creates the wavevector kR1 , which is then

reinjected into the laser. (To be clear, this is different from the situation considered in our

paper, for which kR1 is generated by an external source.) For a suitable choice of L and

rmir, the re-injected wave will interfere destructively with the circulating field in the gain

medium, effectively reducing the reflection coefficient at the 2-1 interface without altering

its phase. Specifically, for n1 = 1 and n2 = n′2 + in′′2, the facet reflectivity in the absence of

feedback is r21 = (n2 − 1)/(n2 + 1). The feedback from the external mirror will reduce the

effective reflection coefficient to reff
21 = αr21, where α is real and satisfies 0 ≤ α ≤ 1, provided

rm and L are chosen such that

rm exp(i4πL/λo) =
(1− α)r21

αr2
21 − 1

. (4)

So long as |r21| < 1 (which is generally the case), it is possible to choose rm and L so

that |rm| < 1, i.e., the external mirror is a simple, passive component. As an application

of Eq. 4, consider the case n2 = 1.5 − 0.01i and λo = 1 µm. The bare facet reflectivity is

r21 = 0.2 exp(−0.016i). If we want the effective facet reflectivity to be reff
21 = 0.1 exp(−0.016i)
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(half the magnitude but the same phase as the bare facet reflectivity), we choose α = 0.5

and find that we should place a mirror of reflectivity rm = −0.102 a distance L = 0.499 µm

from the left facet.

Because the external mirror reduces the effective facet reflectivity so that |reff
21 | < |r21|,

the effective roundtrip coefficient |νeff | will be less than |ν|. When medium two is pumped

beyond the lasing threshold, νeff will be clamped to 1, which means that |ν| will be greater

than 1. There also exists a subthreshold pumping regime for which |ν| > 1. The example of

the laser with self-feedback demonstrates that an active cavity subject to an incident field

can have a roundtrip coefficient ν with magnitude greater than 1, and that this situation is

neither transient nor unstable.

In the above example, there is always a well-defined phase relationship between the field

circulating in the laser and the re-injected field. This will not necessarily be true when the

incident wave is generated by an external source: spontaneous emission, being a stochastic

process, can give rise to a field within medium two that has no well-defined phase relation-

ship with the incident wave. Whether this leads to instabilities remains to be decisively

answered, but we note that the existing experimental evidence in the |ν| > 1 regime has

not, to our knowledge, detected any instabilities [14, 20, 21]. It is also worth commenting

on an important difference between spontaneously-emitted cavity-photons traveling parallel

to the surface-normal of the cavity facets versus those emitted at an oblique angle to the

optical axis. For photons emitted parallel to the surface-normal, the slab is clearly a cavity

that provides feedback, as the light retraces its path on every roundtrip. However, as men-

tioned in the main text, the roundtrip coefficient is a function of incidence angle, and for the

material parameters used for Fig. 2(b), |ν| exceeds one only for incidence angles θ > 27.43◦.

In particular, this means that |ν| < 1 for θ = 0; therefore, the gain is insufficient for a

spontaneously emitted cavity photon in the θ = 0 direction to cause lasing. In contrast, a

cavity photon emitted spontaneously at a large θ such that |ν| > 1 would seem to experi-

ence net amplification after each roundtrip. (We say ‘seem to’ because this is the intuitive

interpretation to us; however, we mention again that the experiments that have probed the

regime of |ν| > 1 have not detected such problems with spontaneous emission [14, 20, 21].)

Should these obliquely-traveling spontaneously-emitted photons prove problematic in a fu-

ture experiment, however, they will anyway exit the slab at the top and bottom facets, since

any real slab must have a finite length in the x-direction. One could also coat the top and
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bottom facets with broadband antireflection coatings to facilitate this removal; this way,

these spontaneously emitted photons would leave the slab before they are amplified to the

point where they saturate the gain. We mention this only as a consideration for a potential

experiment that looks for the pre-excitation mechanism. Our intent in this Letter has been

to explore the predictions of the Fresnel solution for a slab with |ν| > 1; in the end, only

experiments can decide whether this solution is physical.

III. PULSE OF LIGHT INCIDENT ON GAINY SLAB WITH |ν| > 1

The video file pulse video.mov included online is a time-lapse video of |Ey|2 of a pulse of

light, rather than a beam, for the same material parameters as in Fig. 2(b) of the main text:

ε1 = ε3 = 2.25, ε2 = 1− 0.01i, µ1 = µ2 = µ3 = 1, d = 28 µm. The white vertical lines in the

video identify the 1-2 and 2-3 interfaces. The incident pulse is s-polarized and Gaussian in

both space (FWHM = 13.3 µm) and time (FWHM = 50 fs, or 15 optical cycles). The central

wavelength of the pulse is λo = 1 µm, and the mean incidence angle (i.e., averaged over all

constituent planewaves) is 30◦. The size of each video frame is 210 µm by 150 µm (height

by width). The time elapsed between frames is 10 fs, and the entire video spans 1.22 ps (123

frames total). The field |Ey|2 is plotted on a logarithmic scale covering 3 decades, i.e. red

corresponds to the maximum intensity and blue corresponds to intensities less than or equal

to 1/1000th of the maximum. The background in this image is blue, which corresponds to

the minimum of |Ey|2, whereas the background in Figs. 2(a) and 2(b) is green because it

is the field Ey that was plotted in that case, so that blue corresponded to the maximum

negative field.

In the video, one first sees the incident pulse near the bottom left of the screen, traveling

up and to the right. The pre-excitation is soon seen in the slab at the bottom of the

frame, and the reflected pulse that corresponds to the m = 1 term in the primed partial

wave expansion leaves the slab and propagates up and to the left in medium one. The

pre-excitation in the slab then undergoes one roundtrip as it zig-zags upward, giving rise to

a transmitted pulse in medium three followed by the m = 0 reflected pulse in medium one.

The pre-excitation then makes one more roundtrip, giving rise to another transmitted pulse

in medium three, and then approaches the two-one interface at the same time the incident

pulse arrives from the opposite side. The two pulses interfere in such a way as to yield an
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amplified specularly reflected pulse by entirely depleting the energy content of the slab. The

fact that the pre-excitation in the slab travels in the +x-direction clearly distinguishes this

behavior from negative refraction.

IV. DESCRIPTION OF SIMULATION

The E-field plots of the Gaussian beams and the video of the pulse were created using

MATLAB. The field at each pixel is determined by superposing a large (but of course

finite) number of planewave solutions. Therefore, the plots represent analytical solutions to

Maxwell’s equations.

As described in the main text, the response of the slab to an incident s-polarized

planewave with amplitude ER
1 and wavevector kR1 = kxx̂ + kR1zẑ is given by

Ey(x, z) =


ER

1 exp(ikxx+ ikR1zz) + EL
1 exp(ikxx+ ikL1zz) : z ≤ 0

ER
2 exp(ikxx+ ikR2zz) + EL

2 exp(ikxx+ ikL2zz) : 0 ≤ z ≤ d

ER
3 exp[ikxx+ ikR3z(z − d)] : z ≥ d

(5)

and the time-dependence factor exp(−iωt) is not explicitly written. The wavevector com-

ponents kR2z and kR3z are determined by the dispersion relation

kR`z =
√

(ω/c)2µ`ε` − k2
x, (6)

where µ` and ε` are the relative magnetic permeability and electric permittivity constants of

material `, and the sign of the square root is chosen according to the prescription described in

Supplementary Sec. 1. The four unknown wave amplitudes are found by satisfying Maxwell’s

boundary conditions to be

ER
2 =

2kR1z(k
R
3z + kR2z)E

R
1

(kR2z + kR1z)(k
R
3z + kR2z) + exp(2ikR2zd)(kR3z − kR2z)(kR2z − kR1z)

(7)

EL
2 =

−2kR1z(k
R
3z − kR2z)ER

1

(kR2z − kR1z)(kR3z − kR2z) + exp(−2ikR2zd)(kR3z + kR2z)(k
R
2z + kR1z)

(8)

EL
1 = ER

2 + EL
2 − ER

1 (9)

ER
3 = ER

2 exp(ikR2zd) + EL
2 exp(−ikR2zd). (10)

To construct the Gaussian beam from the planewave solutions, we begin by expressing Ey

in the z = 0 plane for a beam traveling parallel to the z-axis

Ey(x, z = 0) = E0 exp

(
− x2

2σ2
x

)
, (11)
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where E0 is the peak amplitude and σx is directly proportional to the spatial FWHM

wx = 2
√

2 ln 2σx. (12)

By Fourier transforming and subsequently inverting the transform, the field can equivalently

be written as an integral in k-space,

Ey(x, z = 0) =

∫ ∞
−∞

dkxE
R
1 (kx) exp(ikxx), (13)

where

ER
1 (kx) =

E0σx√
2π

exp

(
−k2

x

2(1/σx)2

)
, (14)

and the FWHM in k-space is

wk = 2
√

2 ln 2/σx. (15)

To propagate the beam beyond the z = 0 plane, we associate with each value of kx a

component kR1z such that the total wavevector obeys the dispersion relation in medium one,

kR1z(kx) =
√

(ω/c)2µ1ε1 − k2
x. (16)

Now the Gaussian beam can be expressed as a function of x and z by

Ey(x, z) =

∫ ∞
−∞

dkxE
R
1 (kx) exp[i(kxx+ kR1zz)]. (17)

At this point, we must approximate the integral in Eq. 17 by discretization so that the

calculation can be carried out by a computer. We restrict kx to a finite sampling width ws

given by −ws/2 ≤ kx ≤ ws/2, and sample the beam equidistantly within this region with a

total number of samples Ns. The integral in Eq. 17 is approximated by the sum

Ey(x, z) =

ws/2∑
kx=−ws/2

∆kxE
R
1 (kx) exp[i(kxx+ kR1zz)], (18)

where

∆kx =
ws

Ns − 1
. (19)

At this point, it is helpful to think of ER
1 , kx, and kR1z as vectors containing Ns numerical

elements each. To rotate the beam so that it travels at an angle θ to the z-axis, we perform

the transformation

kx → cos(θ)kx + sin(θ)kz (20)

kR1z → − sin(θ)kx + cos(θ)kR1z (21)
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on each element of kx and kR1z. (The Fourier amplitude of each plane-wave ER
1 (kx) is un-

affected by the rotation in the case of s-polarized light.) Finally, to displace the waist of

the beam to some location (x0, z0) in the incidence medium, one must multiply each Fourier

amplitude by

ER
1 (kx)→ ER

1 (kx) exp[−i(kxx0 + kR1zz0)]. (22)

With these redefined values for ER
1 , kx, and kR1z, the sum in Eq. 18 is a good approximation

to a Gaussian beam traveling at an angle θ whose waist is located at (x0, y0). The total

E-field at any point in the system is given by

Etot(x, z) =


Real{

∑
∆kx

(
ER

1 (kx) exp[i(kxx+ kR1zz)] + EL
1 (kx) exp[i(kxx+ kL1zz)]

)
}, z ≤ 0

Real{
∑

∆kx
(
ER

2 (kx) exp[i(kxx+ kR2zz)] + EL
2 (kx) exp[i(kxx+ kL2zz)]

)
}, 0 ≤ z ≤ d

Real{
∑

∆kxE
R
3 (kx) exp[i(kxx+ kR3zz)]}, z ≥ d

(23)

where EL
1 , ER

2 , EL
2 , and ER

3 are calculated element-wise from ER
1 (kx) according to Eqs. 7-10.

The beam plots in Fig. 2 of the main text are calculated pixel-by-pixel from the sum in Eq.

23, with the values of x and z indicating the location of the pixel. The resultant field is

normalized to the maximum field value in the image, and displayed in color. The pulse

video is calculated similarly, except that the field is Gaussian in space and time, and so the

field must be sampled in both the spatial and temporal frequency domains. The calculation

time is significantly longer for the pulse compared to the beam, and the simulations are only

practical to run on a supercomputer.

The finite nature of the sampling has consequences which must be considered in order to

be sure that our results are not affected by numerical artifacts. Firstly, the truncation of

the Gaussian beam in k-space to the sampling width ws leads to a convolution with a sinc

function in the spatial domain. Therefore, the side-tail of our beam is not truly Gaussian;

rather, the envelope of the side-tail is Gaussian but the side-tail itself exhibits periodic sinc-

like fluctuations in intensity (which cannot be seen in Fig. 2 of the main text, but can be

seen in logarithmic plots which resolve the small intensities of the side-tail). The sampling

width chosen for Fig. 2 was ws = 2wk (with Ns = 501). We made sure that other choices of

the sampling width, ws = 3wk and 4wk (with proportionally larger Ns so that ∆kx remained

constant), did not affect the behavior of the plots. Therefore, our conclusions are not affected

by the precise value of the sampling width ws. Secondly, the finite number of samples Ns

10



FIG. S3. A pictorial depiction of the Fourier domain sampling used to generate Fig. 2(b) of the main

text. (a) A plot of |r| vs. incidence angle θ for the case of λo = 1 µm, ε1=ε3=2.25, ε2 = 1− 0.01i,

and d = 28 µm. For a beam-width FWHM of 13.3 µm, the sampling width ws = 2wk that we

chose restricted the range of incidence angles of the planewaves used to construct the beam to

27.47◦ < θ < 32.53◦. In plots (b) and (c), the blue dots overlaying the reflectivity plot indicate

the incidence angles of the planewaves that were summed over for (b) Ns = 501 samples and (c)

Ns = 2001 samples. The plot in Fig. 2(b) of the main text looks visually identical for both choices

of sampling values.

implies the spectrum of kx values is discrete, so the incident beam is periodic in space. This

means that in the plots of Fig. 2 in the main text, there is not just one incident beam but

an infinite number of them impinging on the slab, spaced periodically along the x-axis by

a distance 2π/∆kx = 2830 µm. If the sampling is increased from Ns = 501 to 2001 while

keeping ws = 2wk constant (see Fig. S3), the distance between adjacent beams increases to

11330 µm, but the plots in both Figs. 2(a) and 2(b) of the main text look identical to the

ones with 501 samples. Therefore, 501 samples is sufficient in this case to ensure that the

(periodically repeated) beams do not interfere with each other, and that the plot is a good

representation of the field of a single beam.
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